We propose a self-assembly model in which the glue strength between two juxtaposed tiles is a function of the time they have been in neighboring positions. We then present an implementation of our model using strand displacement reactions on DNA tiles. Under our model, we can demonstrate and study catalysis and self-replication in the tile assembly. We then study the tile complexity for assembling shapes in our model and show that a thin rectangle of size ¤ ¦ ¥ § can be assembled using © ¦ types of tiles.
Introduction
Self-assembly is a ubiquitous process in which small objects self-organize into larger and complex structures. Examples in nature are numerous: atoms self-assemble into molecules, molecules into cells, cells into tissues, and so on. Recently, self-assembly has also been demonstrated as a powerful technique for constructing nano-scale objects. For example, a wide variety of DNA lattices made from self-assembled branched DNA molecules (DNA tiles) [9, 19, 21, 22, 40, 42, 43] have been successfully constructed. Peptide self-assembly provides another nanoscale example [8] . Self-assembly is also used for mesoscale constructions using capillary forces [7, 26] or magnetic forces [1] .
Mathematical studies of tiling dates back to 1960s, when Wang introduced his tiling model [36] . The initial focus of research in this area was towards the decidability/undecidability of the tiling problem [25] . A revival in the study of tiling was instigated in 1996 when Winfree proposed the simulation of computation [41] using self-assembly of DNA tiles.
In 2000, Rothemund and Winfree [28] proposed the abstract Tile Assembly Model, a mathematical model for theoretical studies of self-assembly. This model was later extended by Adleman et al. to include the time complexity of generating specified assemblies [3] . Later work includes combinatorial optimization, complexity problems, fault tolerance, and topology changes, in the abstract Tile Assembly Model as well as in some of its variants [4-6, 10-14, 17, 18, 20, 23, 24, 27, 29, 31, 32, 34, 35, 38, 39] .
In this paper, we use the term standard model to refer to the above abstract Tile Assembly Model proposed by Winfree. For detailed description of the standard model, see [28] .
Roughly speaking, a tile in the standard model is a unit square where each side of the square has a glue from a set ! associated with it. In this paper we use the terms pad and side of the tile interchangeably. Formally, a tile is an ordered quadruple 
, and
determines the glue strength between two abutting tiles.
is the strength between two tiles that abut on sides with glues
; otherwise it is a positive value. It is also assumed that
. In the tile set
F
, there is a special seed tile e . There is a system parameter to control the assembly known as temperature and denoted as . All the ingredients described above constitute a tile system, a quadruple $ F ' Q e ' q w ' U
. A configuration is a snapshot of the assembly. More formally, it is the mapping from G to
where
, indicating a tile is not present. For a configuration j , a tile
. Assembly takes place sequentially starting from a seed tile e at a known position. For a given tile system, any assembly that can be obtained by starting from the seed and adding tiles one by one, is said to be produced. An assembly is called to be terminally produced if no further tiles can be added to it. The tile complexity of a shape { is the size of the smallest tile set required to uniquely and terminally assemble { under a given assembly model. One of the well-known results is that the tile complexity of self-assembly of a square of size | h s } | in standard model isp" Q Q Q 5 [3, 28] . Adleman introduced a reversible model [2] , and studied the kinetics of the reversible linear self-assemblies of tiles. Winfree also proposed a kinetic assembly model to study the kinetics of the self-assembly [37] . Apart from these basic models, various generalized models of self-assembly are also studied [6, 16] : namely, multiple temperature model, flexible glue model, and q-tile model.
Though all these models contribute greatly towards a good understanding of the process of self-assembly, there are still a few things that could not be easily explained or modeled (for example, the process of catalysis and self-replication in tile assembly). Recently, Schulman and Winfree show self-replication using the growth of DNA crystals [33] , but their system requires shear forces to separate the replicated units. In this paper we propose a new model, in which catalysis and self-replication is possible without external intervention. In this new model, which is built on the basic framework of abstract Tile Assembly Model, the glue strength between different glues is dependent on the time for which they have remained together.
The rest of the paper is organized as follows. First we define our model formally in Section 2. We then put forth a method to physically implement such a system in Section 3. Then we present the processes of catalysis and self-replication in tile assembly in our model in Sections 4 and 5, respectively. In Section 6, we discuss the tile complexity of assembly of various shapes. We conclude with the discussion of our results and future research directions in Section 7.
Time-Dependent Glue Model
We propose a Time-dependent Glue Model, which is built on the framework described above. In this model, the glue-strength between two tiles is dependent upon the time for which the two tiles have remained together. 
is defined as the minimum time for which the two tiles with abutting glue symbols
, the two tiles will stay together; otherwise they will separate if there is no other force holding them in their abutting positions. An example of glue-strength function is shown in Figure 1 . Intuitively speaking, mit serves as the minimum time required by the pads to decide whether they want to separate or remain joined. We further
Next we give the justification and estimation of mit for a pair (# w ' ) # v x can be determined using Winfree's kinetic model [37] . Hence, based on the knowledge of glue strength function it is possible to determine the expected minimum interaction time for a pair (# w '
) # x
) . For simplicity, we will use the expected value of mit as the actual value of mit for a pair of glues (# w ' Q # x 
. Recall that our model requires that if two tiles ever come in contact, they will stay together till the minimum interaction time of the corresponding glues.
After this time interval « , if
, k will detach; otherwise, k will continue to stay at position " l m ' q n 5 . We describe in the next section a method to implement our model of time-dependent glue strength with DNA tiles.
Implementation of Time-Dependent Glue Model
If the hydrogen bonds between the bases in two hybridizing DNA strands build up sequentially, the total binding force between the two strands will increase with time up to the complete hybridization, which will provide a simple way of obtaining timedependent glue strength between DNA tiles. However, even if we assume that the hybridization of two complementary DNA strands is instantaneous, we can design a multistep binding mechanism to implement the idea of time-dependent glue strength, which exploits the phenomenon of strand displacement. Next we describe the design of the pads of DNA tiles with time dependent glue using the above mechanism of strand displacement.
To make the glue between pad k and pad ¶ time-dependent, we need a construction similar to the one in Figure 3 
) , we can control the glue-strength function q for a pair of tile-pads (or glues). Thus, we have shown a method to render the DNA tiles the characteristic of time-dependent glue strength.
An interesting property is that the individual strand displacement of ¶ against j · is modeled as a random walk, but the complete process described above can be viewed as roughly monotonic. As shown in Figure 3 
is less than the temperature . By our construction, as shown in Figure 4 (b), the following two events will occur at time ¡ 
Self-replication
Self-replication process is one of the fundamental process of nature, in which a system creates copies of itself. We discuss below an approach to model self-replication using the time-dependent glue model. 
A system containing these four types of tiles has two states: State 1. If there is no template
in the system, no assembled supertile exists since no two tiles can be held together long enough to form strong enough glue between them such that they become stably glued. Since . And this will bring the system to state 2. But such copositioning of 4 tiles is a very low probability event. Thus a very low probability event can perturb a system in state 1 and triggers tremendous changes by bringing the system to state 2 where self-replication occurs.
Tile Complexity Results
In the standard model, the tile complexity of assembling an
Q 5 [3, 28] . It is also known that the upper bound on the tile complexity of assembling a s S | rectangle in the standard model is
and that the lower bound on tile complexity of assembling as f | rectangle is Ó i " z Ô o Õ Ö º 5 [6] . For small values of ¸ t his lower-bound is asymptotically larger than
. Here we claim that, in our model, as in the multi-temperature model defined in [6] , a}s | rectangle can be self-assembled using
types of tiles, even for small values of¸. The proof technique follows the same spirit as in [6] . 
Proof. The tile complexity of self-assembling a°s
) for the standard model [6] . In time dependent glue model, we can use the similar idea as in [6] to reduce the tile complexity of assembling thin rectangles. For given¸and | , build a n r s | rectangle with n ţ such that the glues among the first¸rows become strong after their mit (minimum interaction time), while the glues among the last n p x u rows do not become as strong. As such, these n i x 9
rows, referred to as volatile rows, will fall apart after certain time and produce the targets } | rectangle. The tile set required to accomplish this construction is shown in Figure 6 , which is similar to the one used in [6] . For more detailed illustration of this tile set, refer to [6] . First, a n -digit -base counter is assembled as follows. Starting from the west edge of the seed tile, a chain of length is formed in the first row using chain tiles. At the same time tiles in the seed column also start assembling. It should be noted that firstţ iles in the seed column have sufficient glue-strength and they are stable. Now starting from their west edges, the -th row (ß P ß row), which will assemble to the north of the¸-th row (ß row), as shown in Figure 6 .
The operating temperature T ×
. Assume that for all glue-types, l q T « and } e T ¡
. There are three kinds of glues shown in Figure 6 : black, gray, and dashed. Assume that the glue-strength function for a single black glue is . The key observation here is that this assembly/disassembly is a reversible dynamic process: the disassembly may stop and start going backwards (i.e. assembling again) at any point. Thus in a dynamic, reversible fashion, the target structure of the Assembly Phase, namely the n °s } | rectangle, can be eventually constructed. The above added complication is due to the fact that we require the Ø Ú w ò ò tiles in the " Ȩ r s 5
-th row to get a total support of× from the south and the east. This is crucial because during the subsequent Disassembly Phase (as we describe next) the desired disassembly can only carry through if the total support of each volatile tile from the south and the east is9× .
Disassembly Phase: In the Disassembly Phase, we will remove the 
F
's east neighbor will get removed next, since it now has a total glue strength è s g r ¡ Ǵ t . Similarly, all the tiles in this row will get removed one by one, followed by the removal of the tiles in the next row (south row). Such disassembly of the tiles continues until we are left with the target rectangle of sizes r | , whose constituent tiles, at this stage, all have a total glue strength no less than T ×
, and hence stay stably attached. Note that, similar as in the Assembly Phase, the volatile tiles that just got removed might come back. But again, ultimately they will have to all fall off (after the mit), and produce the desireds | rectangle.
Concluding the Proof:
We can construct aps | rectangle using
type of tiles (where n °
). As in [6] , it can be reduced to . Under the standard model, the lower bound can be shown to be
by a lower bound argument similar to the one in [6] . Note that as | ù x u decreases, i.e. the square hole in the square increases, the lower bound increases. In the case when
